It is immediate that any irreducible Lie algebra is primitive. Two transitive Lie algebras (L, L0) and (L', L0) ate isomorphic if there exists a Lie algebra isomorphism cp of L onto L' such that cp(L0) = L'0.
In this paper we will give the classification of the nonlinear primitive Lie algebras up to isomorphism ( §3). Recently S. Kobayashi and T. Nagano completely classified the nonlinear irreducible Lie algebras up to isomorphism [4] . Our results naturally include their results. We will give some criterion for a nonlinear primitive Lie algebra to be irreducible (Propositions 7, 8, and 8') after introducing a kind of the structure theorem of the nonlinear primitive Lie algebras ( §4). Lemma 6 in [4, p. 881 ] is an immediate consequence of our structure theorem. (Lemma 6 in [4] is of some importance for the theory of the analytic Lie pseudogroups [12] .) E. Cartan says that he has classified the nonlinear primitive Lie algebras [2] , but his result is completely different from ours. His method seems to be wrong. That is to say, his Theorem II in [2, p. 101], which he also used to classify the infinite primitive Lie algebras [5] , seems to be wrong, as was pointed out by I.M. Singer and S. Sternberg [12] . We will give a counterexample to his proof of [August Theorem II ( §5). It will be necessary to remark that this paper has nothing to do with the classification of the infinite primitive Lie algebras [5] . But we hope that this paper gives some data for that big problem [3] , [12] . For that purpose we will give a few remarks in the last section ( §5).
In this paper all the vector spaces will be finite dimensional unless otherwise stated. The author wishes to thank Professor T. Nagano, for his valuable suggestions and criticisms, Mr. M. Takeuchi and Mr. S. Kaneyuki. He owes this paper to discussions with them. He also wishes to thank Professor S. Kobayashi.
1. Let (L, L0) be a nonlinear primitive Lie algebra. It is easy to see:
Proof. They are immediate from the definition ( §0). Next two lemmas are proved in [4, Lemmas 1, 2] under the assumption of (L, L0) being nonlinear irreducible. But simple observation will show that the irreducibility is unnecessary. For completeness we will here give them as lemmas. Before proving the noncompactness of L, we will prove (ii i.e., L2 = 0. We know [Ly, Ly] çz l2. By the proof of (ii), we see that the Killing form is identically zero on Ly. Therefore Lis not compact, because the Killing form of any compact semisimple Lie algebra is negative definite.
Corollary
4. Let the notations be as before. Then the radical of L0 is noncompact.
Proof. Since Ly is an abelian ideal in L0, Ly is contained in R. If R is compact, then the Killing form of L must be negative definite on R. But we know that the Killing form of Lis identically zero on Ly. This is a contradiction.
Remark. The discussion above shows that any finite nonlinear primitive Lie algebra is of order 2 [4] , [5] . For the geometric interpretation of this, see also [5] .
2. Lemma 3 makes the work of the classification very much accessible. To describe the classification, we need the notion of the parabolic subalgebras of semisimple Lie algebras, and the knowledge of the maximal subalgebras of semisimple Lie algebras. In this section we will briefly recall them without any proof.
For the details, see [1] , [7] , [8] , [9] , [10] and [11] .
Let Lbe a complex semisimple Lie algebra. A subalgebra of Lis called parabolic if it contains a maximal solvable subalgebra of L. Let H be a Cartan subalgebra of L and A be the set of all nonzero roots of L with respect to H. We fix once and for all a root vector Xx of a root ae A. Let n = {a.y,---,a,} (resp. A+) be the fundamental roots system (resp. all the positive roots) with respect to some fixed order. For any subset £ of n, we define the subset A(£) of A by A(£) = An Z{Tl -£}. Here Z{Tl -£} means all of the linear combinations of the roots n -£ with integral coefficients. The subalgebra B = H+ 1,X£&*CXX is a maximal solvable subalgebra of L. It is easy to see that
is a parabolic subalgebra. Conversely any parabolic subalgebra of Lis isomorphic with one of such subalgebras (by an inner automorphism of L). It is well known that two parabolic subalgebras L(£) and £(£') (£, £' Ç n) are isomorphic if and only if there exists an automorphism cp of the Dynkin diagram n such that cp(E) = £'. Let 3> be the set of the pairs {n,£} such that n is the Dynkin diagram of semisimple Lie algebras and £ are subsets of n. We classify 3¡ up to an automorphism of the diagram cited above (denoted by 3)I ~ ). By the fact mentioned above, there is a one-to-one correspondence between Q¡l~ and the isomorphic classes of the pairs (L, P) such that Lis a complex semisimple Lie algebra and P is a parabolic subalgebra of L (here, an isomorphism means that cited in §0). It is clear that L(£) (E ezz n) is maximal in L if and only if £ consists of one simple root. Remark. If L(£) and L(E') (£, E' £ H) are isomorphic, they must be so by an outer automorphism of L. Now we will mention the real case (i.e. the real parabolic subalgebras of the real semisimple Lie algebras). For the description, we need the notion of the Satake diagrams of the real semisimple Lie algebras, we assume the reader to be familiar with it. For the details, see [1] , [7] .
Let G be a real semisimple Lie algebra. A subalgebra of G is called parabolic if its complexification is parabolic in the complexification L of G, (which is also semisimple). Let SP be the set of the pairs {n, £} such that n are the Satake diagram of some real semisimple Lie algebras and £ are the subsets of its restricted fundamental root systems [7] , [9] . Two elements {n,E} and {n',E'} are called isomorphic if there exists an automorphism (of the Satake diagram) ep from n to n' such that ep(E) = £'. Let 5^/~ be the equivalence classes of if by the isomorphism. It is well known that there is a one-to-one correspondence between SP l~ and the isomorphic class of the pair (G, P) such that G is a real semisimple Lie algebra and P is a parabolic subalgebra of G (here, the isomorphism is that cited in §0)
PI P].
Next we will recall the theorems of Morozov and Mostow on the maximal subalgebras of the Lie algebras.
Theorem A (Morozov) . Let S be a maximal nonsemisimple subalgebra of a complex semisimple Lie algebra L. Then S is a maximal parabolic subalgebra of L [11] .
Theorem B (Mostow) . Let G be a real semisimple Lie algebra. Any maximal subalgebra of G, the radical of which is noncompact, is a maximal parabolic subalgebra of G [10] . 3 . In this section we will give the classification of the nonlinear primitive Lie algebras over the real or complex field. Proof. We may assume P = L(£) for some subset of the fundamental root system n of L(see §2). We denote by 9 the highest root with respect to n. Since P contains all the root vectors associated with positive roots and the Cartan sub- and Theorem B.
Let L (resp. L0) be the complexification of G (resp. G0). By the definition, L0 is parabolic in L. Thus (L, L0) satisfies the assumption of Lemma 5, which says the derived subalgebra Ly is not 0. Now Ly is invariant under the involutive automorphism of L associated with G in L since L0 is clearly invariant by it. Hence Lis the complexification of the derived subalgebra of Gv Thus we have Gy # 0, which proves the "if" part. Q.E.D.
Let 2 be the subset of 3)/~ which consists of all the elements which have the representatives {n, £} such that n are simple(2) and £ are single simple roots of n. Similarly let Í? be the subset of SP\~ which consists of all the elements which have the representatives {n, £} such that n are simple(3) and £ are single simple roots of the restricted fundamental root systems.
Combining Theorem C, Theorem D and the facts mentioned in §2, we obtain the following classification theorems.
Theorem C
There is a one-to-one correspondence between 3) and the isomorphic classes of the complex nonlinear primitive Lie algebras.
Theorem D'. There is a one-to-one correspondence between y and the isomorphic classes of the real nonlinear primitive Lie algebras. 4 . In this section we will give a kind of structure theorem of the complex nonlinear primitive Lie algebras. Using that theorem, we shall give a criterion for an (2) If n corresponds to some complex simple Lie algebra, we say n is simple. (3) If n corresponds to some real simple Lie algebra, we say n is simple.
[August element of 2 (resp. if) to correspond to the isomorphic class of the complex (resp. real) nonlinear irreducible Lie algebras. This gives the result of §6 in [4] .
Let (n, a) be any element of 9. Choose a complex simple Lie algebra L such that its Dynkin diagram is n, and fix it once and for all. Let H be a Cartan subalgebra of L and A be the root system of L with respect to //. We may assume that n is the fundamental root system of A with respect to some order. Then the nonlinear primitive Lie algebra (L,L(a)) (see Theorem C) is the representative of the isomorphic class corresponding to (n, a). For each root ß e A, we can express ß as the linear combination of the roots of n; say (#) ß = Y. nifLj, m¡: integer.
ajen Let p(ß) be the coefficient of a in the expression (#). We define the mapping px from A into the integers by applying ß into p(ß). By the well-known fact, there exists the strictly positive integer mx such that -ma = px(ß) = ™* for any ß e A. Let A+ (resp. A-) be the set of all positive (resp. negative) roots of A with respect to the order stated before, and 0 be the highest root of A. Then px(6) = ma. We fix, once for all, the root vectors. We define the subspaces L(_ 1); M,_yy, S,Ly and M as follows. in Lt. We will prove px(y) = mx. Suppose pa(y) ám,-l, Firstly we will show that there exists Xy.e Ly such that pa(y') = p^y) and y' + a is a root. In fact, if y + a is not a root, there exist positive roots ßy,ß2,---,ß" different from a, such that y' = i "• ((y + ßi) + ßi) •■• ßn) is a root and y' + a is also a root. Since any Xß (ßeA+) is contained in L0 and we have [£",£!] c Ly, we see Xy-eLy. Hence [Xy-, X_(y'+a)] e}X_J $ L0. This is a contradiction. Hence pjj) = mx. Let (n, p) be an element of S?. We choose one representative (G, G(p)) of the isomorphic class, corresponding to (n,p) and fix it once for all. We denote by L (resp. L(p)) the complexification of G (resp. G(p)). We must consider two cases;
Case (i). L is simple.
Case (ii). L is not simple. Case (i). We will prove that (G, Case (b). It is known pjß) = px(6) [1] , and a(a) = & 4-y such that pa(y) = 0 and a(y) = -y. Therefore px(o-(9)) = mx, px(a(Q)) = mx.lf a(X_e) e M, then by applying the elements of L(p), we get X_flsM. This is a contradiction.
Case (ii). We can consider that G is a complex simple Lie algebra and G(p) is its maximal parabolic subalgebra. If (G,G(p)) is irreducible, then clearly (G, G(p)) is irreducible as the complex primitive Lie algebra. Conversely suppose (G,G(p)) is irreducible as the complex primitive Lie algebra. Let M be a real subspace of G such that [ Hence (-1)1/2M (~\M ^ G(p) in contradiction to the irreducibility of (G,G(p)) as the complex primitive Lie algebra. Thus we have proved: Proposition 8. Let (n,p) be any element of if such that n is irreducible (i.e. it is the real form of some complex simple Lie algebra). Then (n,p) is irreducible if and only if p is a "white vertex''1 a [7] , which is not joined by an arrow with any "white vertex,'" and mx=l.
Proposition 8'. Let (n,p) be any element of if such that n is not irreducible (i.e. it is the restriction of the base field of some complex simple Lie algebra). Then (n,p) is irreducible if and only if p is the "white vertex" a such that ma= 1.
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